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Ab t t M i ti M t lStudent Development Abstract:  Memorization, Mental 
Computation, Robust 
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SAGE Publications 2006 (reprinted 2009), 
ISBN 978‐1‐4129‐0758‐3



CardinalityCardinality

How many?
55

“one” “two” “three” “four” “five”

“The number of objects in 
a set or group (considered 
as a property of thatas a property of that 
grouping).”
‐Princeton WordNet
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The Learning Framework in Number
Composite StrategiesUnitary Strategies

The Learning Framework in Number

Addition and 
Subtraction 
Arithmetical 

Addition and 
Subtraction 
Arithmetical 

Multiplication
and Division 
Arithmetical 

Place Value:
Base-Ten 

Arithmetical 
Strategies

Conceptual
Constructs 

0 - 3

Strategies
Conceptual
Constructs 

4 - 5

Strategies
Conceptual
Constructs 

0 - 5

Strategies
Conceptual
Constructs 

0 - 5

Forward and Backwards Number Word
Sequences related to Composite Units

Forward and Backwards Number Word 
Sequences by Ones (Levels 0 – 5) q p

Written Labels:  Numerals (Levels 0 – 5) and Numeral Sequences, Recording Symbols

q y ( )

Structuring Numbers (Levels 0 – 5):  Finger Patterns / Spatial Patterns / Combining and Partitioning

US Math Recovery Council, Add+Vantage MR Program
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What is 14 + 3? “14…”
“15, 16, 17”
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Kentucky Common Core 
Academic

S d d fStandards for 
Mathematical Practice

2 Reason abstractly and quantitatively.y q y

Quantitative reasoning entails … attending to 
the meaning of quantities, not just how tothe meaning of quantities, not just how to 
compute them ….
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A = Addition and 
SubtractionSubtraction

300 series also indicates 
Addition and Subtraction

strand



Task Group A340Task Group A340



KCAS KCAS 
KNP Entry Kentucky Common Core Academic Standard (KCAS)

(*  l )
KCAS 
Domain 

KCAS 
Clustery (*see glossary) Domain Cluster

K.CC.5  Count* to answer "how many?" questions 
about as many as 20 things arranged in a line, a 

C ti  d Count to tell 
A 340.1

y g g
rectangular array, or a circle or as many as 10 

things in a scattered configuration; given a number 
from 1-20, count out that many objects.

Counting and 
Cardinality  

Count to tell 
the number of 

objects

A 340.2 1.OA.6 Add and subtract within 20, demonstrating fluency for addition and 
subtraction within 10. Use strategies such as counting on; making ten (e.g., 8 
+ 6 = 8 + 2 + 4 = 10 + 4 = 14); decomposing a number leading to a ten (e.g., 13 

– 4 = 13 – 3 – 1 = 10 – 1 = 9); using the relationship between addition and Operations and 
Algebraic 

Add and 
subtract within subtraction (e.g., knowing that 8 + 4 = 12, one knows 12 – 8 = 4); and creating 

equivalent but easier or known sums (e.g., adding 6 + 7 by creating the known 
equivalent 6 + 6 + 1 = 12 + 1 = 13).

Algebraic 
Thinking  

subtract within 
20

A 340.3



KCAS KCAS 
KNP Entry Kentucky Common Core Academic Standard (KCAS)

(*  l )
KCAS 
Domain 

KCAS 
Clustery (*see glossary) Domain Cluster

A 340.1

K.CC.5  Count* to answer "how many?" questions about as many as 20 things 
arranged in a line, a rectangular array, or a circle or as many as 10 things in 

 sc ttered c nfi ur ti n; iven  number fr m 1 20  c unt ut th t m n  
Counting and 
C rdin lit   

Count to tell 
the number of a scattered configuration; given a number from 1-20, count out that many 

objects.
Cardinality  objects

A 340 2
1.OA.6 Add and subtract within 20, demonstrating fluency 

for addition and subtraction within 10  Use strategies such as A 340.2 for addition and subtraction within 10. Use strategies such as 
counting on; making ten (e.g., 8 + 6 = 8 + 2 + 4 = 10 + 4 = 14); 

decomposing a number leading to a ten (e.g., 13 – 4 = 13 – 3 – 1 = 10 – 1 = 9); 
using the relationship between addition and subtraction (e.g., knowing that 8 
+ 4 = 12, one knows 12 – 8 = 4); and creating equivalent but easier or known 

 (  ddi  6  7 b  i  h  k  i l  6  6  1  12  1  

Operations 
and 

Algebraic 
Thinking  

Add and 
subtract 
within 20

sums (e.g., adding 6 + 7 by creating the known equivalent 6 + 6 + 1 = 12 + 1 = 
13).

Thinking  
A 340.3



KCAS Grade 1 IntroductionKCAS Grade 1 Introduction 
Students develop strategies for adding and subtracting whole numbers based on 
their prior work with small numbers They use a variety of models includingtheir prior work with small numbers. They use a variety of models, including 
discrete objects and length‐based models (e.g., cubes connected to form lengths), 
to model add‐to, take‐from, put‐together, take‐apart, and compare situations to 
develop meaning for the operations of addition and subtraction, and to develop 
strategies to solve arithmetic problems with these operations. Students understand 
connections between counting and addition and subtraction (e.g., adding two is 
the same as counting on two). They use properties of addition to add whole 
numbers and to create and use increasingly sophisticated strategies based on thesenumbers and to create and use increasingly sophisticated strategies based on these 
properties (e.g., “making tens”) to solve addition and subtraction problems within 
20. By comparing a variety of solution strategies, children build their understanding 
of the relationship between addition and subtraction.



KCAS Grade 1 IntroductionKCAS Grade 1 Introduction 
Students develop strategies for adding and subtracting whole numbers based on 
their prior work with small numbers They use a variety of models includingtheir prior work with small numbers. They use a variety of models, including 
discrete objects and length‐based models (e.g., cubes connected to form lengths), 
to model add‐to, take‐from, put‐together, take‐apart, and compare situations to 
develop meaning for the operations of addition and subtraction, and to develop 
strategies to solve arithmetic problems with these operations. Students understand 
connections between counting and addition and subtraction (e.g., adding two is 
the same as counting on two). They use properties of addition to add whole 
numbers and to create and use increasingly sophisticated strategies based on thesenumbers and to create and use increasingly sophisticated strategies based on these 
properties (e.g., “making tens”) to solve addition and subtraction problems within 
20. By comparing a variety of solution strategies, children build their understanding 
of the relationship between addition and subtraction.
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Printable Printable 
includes 45 
two panel 
dot cards dot cards 
like these.

1. Print.
2. Fold on the 

dotted line.
3. Cut along 

top vertical top vertical 
line to make 
doors.





Examples of 2 panel dot cardsExamples of 2 panel dot cards

First addend arranged in First addend arranged in 
rows. The first addend is 
in the range 5 to 15.



Examples of 2 panel dot cardsExamples of 2 panel dot cards

The second addend is 
shown in grey. The 
amount is never more 
th  6  S ti  th  than 6. Sometimes the 
amount is shown in a 
regular pattern, other 
times it appears random.t mes t appears random.



A340 1 Perceptual countingA340.1 – Perceptual counting



A340 1A340.1

“How 
many 
dots?”



I  t ll th   f t  ll tiI can tell the sum of two collections

What does a student 
need t  understandneed to understand
and be able to do to 
be successful?be successful?



I  t ll th   f t  ll tiI can tell the sum of two collections

What does a student need to 
understand and be able to do 
to be successful?to be successful?

d  d •Forward Number Word Sequence



I  t ll th   f t  ll tiI can tell the sum of two collections

What does a student need to 
understand and be able to be 
successful?successful?

d  d •Forward Number Word Sequence
•One to One correspondence



I  t ll th   f t  ll tiI can tell the sum of two collections

What does a student need to 
understand and be able to be 
successful?successful?

d  d •Forward Number Word Sequence
•One to One correspondence
•Use row structure to know which dots have •Use row structure to know which dots have 
been counted



A340 1A340.1



A340 2 Figurative countingA340.2 - Figurative counting



L k b i fl  b hi d h  Look briefly behind the 
first door.

Look briefly behind the 
second door.

Determine how many 
dots in alldots in all.



I can tell the sum of two collections I can tell the sum of two collections 
when screened



“Distancing the Setting”Distancing the Setting

Except from the Teacher Notes:
“If a student is struggling, leave one 
of doors open.  Start with dot cards p
where the second addend is no more 
than 2 or 3. Gradually build up to 
cards where the second addend is 5 
or 6 and student can find the sum 
with no more than a quick glance 
under each door.”  



One addend screened
Leave one of the doors open 
as student solves the task.

Here we see the student Here we see the student 
use his fingers to “keep 
track” of the amount under 
the door.

Door is opened so that Door is opened so that 
student can verify his own 
work.



Both addends screened
“Here are 4 
grey dots. 
How many 

“Here are 10 
black dots”

How many 
altogether”?

Student Student 
matched her 
fingers to the 
arrangement Student uses 
of the dots

Student uses 
counting to 
verify her 
answer and 
h  t ther strategy.



A340 3 Counting onA340.3 – Counting on



Examples of 2 panel dot cards to Examples of 2 panel dot cards to 
encourage counting on

The first addend is large The first addend is large 
(14 to 25)



“Here are 15 
black dots”

“Here are 3 
grey dots. 
How many How many 
altogether”?

Student Student 
monitored 
counts for 
second addend 

Open second 
door only. 
Student uses 

on her fingers 
“16, 17, 18”

Student uses 
counting on 
to verify her 
answer and 
h  t ther strategy.



A340 3 Counting onA340.3 – Counting on



A340A340
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A304 1A304.1
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A304.1A304.1
Fill 20 Game



“How many 
counters do you y
have on your 

board?”



“How many 
counters do 
you need to 
put on your p y
board?.”



“How many 
counters do 
you have on 
your board y
altogether?”
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A304.2
Fill 20 Game



“How many 
counters counters 
do you 
have?”have?



“How many counters “You have 3 counters 
  b d   H  

y
will be on your 
board after you 

dd 4 ?”

-OR- on your board.  How 
many counters will 
be on your board add 4 more?” be on your board 
after you add 4 

more?”



“Let’s check 
your your 
prediction.  
Were you y
correct?”

“How many 
more more 
counters do 
you think y
you’ll need to 
have 10 
altogether?”
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A304.3
Fill 20 GameFill 20 Game



“How many 
counters 

are on your 
board?”

“How many 
counters 
are in the 

gray 
squares?”squares?

“How many y
counters 
are in the 

hit  white 
squares?”



“What 
did you 

ll?”  roll?”  

“What What 
do you 
need to need to 
do?”

“Why?”

“H  How 
many 

will you will you 
have 
left?”



“How did you “What will How did you 
know it was 

17?

What will 
you need to 
roll in order 

“Can you tell 
m  h  

roll in order 
to only 
have 13 

me how 
many 

counters 

counters?”

“H   counters 
you’ll have 
to take off 

“How many 
more 

counters do 
in order to 
have 10 

t  

counters do 
you have 
than your 

counters 
left?”

y
partner?”



A304 3A304.3
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Upcoming  KNP Sessions, 3:30 to 4:30 p.m. ET

• March 31 – Structuring to Twenty 

• April 21 – Advanced Addition and Subtraction 

• May 12 – Multiplication and Division 

• June 2 – Tens and Ones 

http://kymath.org/intervention/iKNP.asp
79



Reflection Questions
1) When looking at the “Development of Literacy1) When looking at the  Development of Literacy 

and Numeracy” chart, think about which phase is 
least addressed in US textbooks?  What is the 
impact on students of the missing phase?impact on students of the missing phase? 

2) How might you modify learning activities to 
provide plenty of opportunities, as needed, for 
students to count hidden/imaginary quantitiesstudents to count hidden/imaginary quantities 
when adding or subtracting? 

3) Are your students facile at the counting‐on stage, 
d d b dd d k has evidenced by a missing addend task in the 

context of hidden counters as shown on the 
Count Me in Too website video example?  
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